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Abstract We consider a complex scalar field minimally coupled to gravity
and to a U(1) gauge symmetry and we construct of a first order symmetric hy-
perbolic evolution system for the Einstein-Maxwell-Klein-Gordon system. Our
analysis is based on a 1+3 tetrad formalism which makes use of the components
of the Weyl tensor as one of the unknowns. In order to ensure the symmetric
hyperbolicity of the evolution equations, implied by the Bianchi identity, we
introduce a tensor of rank 3 corresponding to the covariant derivative of the
Faraday tensor, and two tensors of rank 2 for the covariant derivative of the
vector potential and the scalar field.
Keywords Scalar field; initial value problem
1 Introduction
In this article we discuss the construction of suitable evolution equations
for a self-gravitating charged scalar field governed by the so-called Einstein-
Maxwell-Klein-Gordon system. It is well known that General Relativity admits
initial value problem formulation whereby one prescribes certain initial data on
a 3-dimensional hypersurface, and one purports to reconstruct the spacetime
associated to this initial data —a so-called Cauchy problem. The formulation
of an initial value problem is a natural starting point for a wide variety of an-
alytical studies of the qualitative properties of the solutions to the equations
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and a necessary starting point for the construction of the numerical solutions.
Examples of qualitative aspects of the solutions requiring an suitable initial
value formulation are the discussion of local and global existence problems and
the analysis of the stability of certain reference solutions.
In this article we approach the construction of the evolution equations of
the Einstein-Maxwell-Klein-Gordon system from the point of view of mathe-
matical Relativity. Hence, the amenability of our analysis to analytic consider-
ations takes precedence over numerical considerations. Our discussion is chiefly
concerned with the construction of a first order system of quasilinear hyper-
bolic evolution equations (FOSH ) out of the Einstein-Maxwell-Klein-Gordon
equations. In general, FOSH systems can be written in the following form:
A0∂tv−A
j∂jv = Bv, (1)
where the variables of the system are collected in a n-dimensional vector v, t
denotes a suitable time coordinate and x = (x1, x2, x3) denotes some spatial
coordinates and j = 1, 2, 3. The matrices A0 and Aj are matrix valued func-
tions depending on the coordinates (t,x) and the unknown v —that is, the
system (1) is, in general, quasilinear. The system is said to be symmetric hyper-
bolic if the matrices A0 and Aj are symmetric and if A0 is a negative-definite
matrix.
As a consequence of the construction presented in this article, one auto-
matically obtains a local existence and uniqueness result for the equations
of the Einstein-Maxwell-Klein-Gordon system. The symmetric hyperbolicity
of the resulting evolution equations ensures that the Cauchy problem for the
systems is well-posed. In other words, if one prescribes suitable initial data
on an initial hypersurface, a unique solution exists in a neighborhood of that
hypersurface —local in time existence. The solutions depend continuously on
the values of initial data [1]. The question of the well-posedness of the evo-
lution equations of the Einstein-Maxwell-Klein-Gordon system is a problem
that touches upon many aspects of current theoretical and numerical analy-
sis of many physical phenomena. An suitable point of entry for the extensive
literature in this topic, with particular emphasis on numerics, is given in [2].
Scalar fields enter as important ingredients in many theoretical models of con-
temporary physics. Here, we consider a self gravitating scalar field, minimally
coupled with the gravitational field via the Einstein equations and the electro-
magnetic field by the coupling constant q —the so-called scalar boson charge.
In the presence of strong gravitational fields, scalar fields are described by the
general-relativistic field equations. These configurations arise in many areas of
high-energy Cosmology as inflationary models carried by scalar fields. More-
over, scalar fields are also candidates for dark matter source. In astrophysics,
scalar fields arise in stellar models as configurations of hypothetical scalar
particles known as bosons stars, or as a boson core of very compact stars [3].
Our analysis is based on a 1+3 tetrad formalism. The hyperbolic reduction
procedure described in the present article borrows from the discussion of the
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evolution equations for the Einstein-Euler system by H. Friedrich in [4] —see
also [5,6,7] and the generalization to Einstein-Euler-Maxwell system in [8].
In this reference a Lagrangian gauge was used to construct the required hy-
perbolic reduction and to obtain the desired evolution equations. The central
equation in this discussion is the Bianchi identity. It provides evolution equa-
tions for the components of the Weyl tensor. The addition of electromagnetic
interactions to Friedrich’s system in [8] destroys, in principle, the symmet-
ric hyperbolic nature of the evolution equation as derivatives of the Faraday
tensor enter into the principal part of the Bianchi evolution equations. This
difficult was handled by the introduction of a new field unknown corresponding
to the derivative of the Faraday tensor for which suitable field and evolution
equations can be obtained. This strategy can be adapted to the case of a com-
plex scalar field case coupled with the electromagnetic field. In addition to the
auxiliary variable associated to the covariant derivative of the Faraday tensor,
our analysis required the use of two further tensors of rank 2 for the covariant
derivative of the vector potential and the scalar field. The Lagrangian approach
to the description of a scalar field follows the ideas developed in [9] for a real
scalar field. It is important to observe that the extra gauge freedom induced
by the frame representation of the Einstein-Klein-Gordon system used in the
present article is associated to the evolution of the spatial frame coefficients
along the flow of the time-like frame —in particular, in order to implement
the Lagrangian description it is required that the timelike vector of the or-
thonormal frame follows the matter flow lines. In order to do this the scalar
field must satisfy suitable regularity conditions. In fact, the local nature of the
treatment (fixing suitable initial data existence and uniqueness of a solution
to the evolution equation can be established locally in time) assures the scalar
gradient to be timelike only in a neighborhood of the initial data. Afterwards
this conditions may no longer be satisfied and the the scalar gradient can be
spacelike or null, and in this case the entire set up breaks down. The remaining
frame components are chosen to be Fermi propagated along this direction.
The present article is structured as follows: In Section 2 we write and
discuss the relativistic equations describing a charged scalar field. The tetrad
formalism used in this article is briefly reviewed in Section 3. General remarks
concerning the reduction procedure to obtain suitable evolution equations are
given in Section 4; the resulting evolution equations are discussed in Section
4.2 and the subsequent sections. The auxiliary fields and the gauge conditions
are presented in Section 4.6. A summary of the evolution equations is given in
Section 4.12. Some concluding remarks are given in Section 5.
2 The charged scalar field equations
In the present article we will consider the Einstein field equations
Gµν = κTµν , (2)
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with matter source given by a self–gravitating charged (i.e. complex) scalar
field Φ minimally coupled to gravity and to a U(1) gauge field Aµ. The total
energy momentum tensor for this system is given by
Tµν = T
(KG)
µν + T
(em)
µν , (3)
where, using units such that ~ = c = 1,
T (em)µν ≡
1
4
gµνFλρF
λρ − gλρFµλFνρ, (4)
denotes the energy momentum tensor of the free electromagnetic field and
T (KG)µν ≡ (DµΦ)
∗ (DνΦ) + (DµΦ) (DνΦ)
∗ − gµνg
λρ (DλΦ)
∗ (DρΦ) (5)
is the energy momentum tensor for the charged scalar field —see e.g. [10]. In
the previous equations Dµ ≡ ∇µ + iqAµ, where the constant q is the boson
charge and ∇µ stands for the Levi-Civita covariant derivative of the metric
gµν of signature (+,−,−,−). Moreover,
∗ denotes the operation of complex
conjugation while
Fµν ≡ ∇µAν −∇νAµ (6)
is the electromagnetic field tensor (Faraday tensor).
In the sequel, it will be convenient to write the scalar field Φ in terms of
two real scalar fields θ and φ such that
Φ(x) = eiθ(x)φ(x), φ∗ = φ, θ∗ = θ. (7)
The energy momentum tensor of equation (5) then reads
T (KG)µν =
φ2
2
(
2
φ2
∇µφ∇νφ+ 2
(
σµσν + q
2AµAν + 2qσ(µAν)
)
(8)
−gµν
(
1
φ2
gλρ∇λφ∇ρφ+ σ
2 + q2A2 + 2qσλA
λ
))
, (9)
where the vector field σµ is defined by σµ ≡ ∇µθ, and we have used the
notation A2 ≡ AλA
λ. Consequently, it is possible to write the tensor T (KG)µν as
T (KG)µν = T
(φ)
µν +
1
2
φ2T (σ)µν +
1
2
φ2T (A)µν +
1
2
φ2T (σA)µν , (10)
where
T (φ)µν ≡ ∇µφ∇νφ−
1
2
gµνg
λρ∇λφ∇ρφ, (11)
T (σ)µν ≡ 2σµσν − gµνσ
2, (12)
T (A)µν ≡ q
2(2AµAν − gµνA
2), (13)
T (σA)µν ≡ 2q(2σ(µAν) − gµνσλA
λ). (14)
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Consistent with the requirement that ∇µTµν = 0, we require the scalar field
Φ to satisfy the Klein-Gordon equation
DµD
µΦ = 0.
Equivalently, one has that
∇µ∇
µΦ+ 2iAµ∇µΦ+ ig
µν∇µAνΦ−A
2Φ = 0. (15)
In what follows, for simplicity of the presentation, we set q = 1.
Written in terms of the real fields φ and σµ, equation (15) reads
1
φ
∇µ∇µφ− σµσ
µ −A2 − 2Aµσµ = 0, (16)
∇µσµ +
1
φ
σµ∇
µφ+
1
φ
σµ∇
µφ+
2
φ
Aµ∇µφ+ g
µν(∇µAν) = 0. (17)
Finally, the electromagnetic field is described by the Maxwell equations in
the form
∇[µFνλ] = 0, ∇
νFµν = φ
2(σµ +Aµ). (18)
3 Tetrad formalism
In the present article, the Einstein fields equations will be expressed in terms
of a frame formalism introduced in [4]. To this end, let {ea}a=0,...,3 denote a
basis of frame vectors on the spacetime (M, gµν) satisfying gab ≡ g(ea, eb) =
ηab = diag(1,−1,−1,−1). We denote by (ω
a) the corresponding dual basis
(cobasis). Here, and in the rest of the article, Latin letters a, b, . . . are used as
spacetime frame indices taking the values 0, . . . , 3 while Greek letters µ, ν, . . .
denote the tensorial character of each object —i.e. they are spacetime indices.
The Latin letters i, j, k . . . will be used as spatial frame indices taking the
values 1, 2, 3.
The frame fields ea and the cobasis ω
a are expressed in terms of a local
coordinate basis as
ea = ea
µ∂µ, ω
a = ωaµdx
µ. (19)
Thus,
ωaµe
µ
b = δb
a, ωaµe
ν
a = δµ
ν , (20)
so that the metric tensor can be written as
gµν = ηabω
a
µω
b
ν , g
µν = ηabeµae
ν
b . (21)
The commutation coefficients D cab for the tetrad e
α
a are defined by
[ea, eb] = D
c
ab ec ≡ (e
µ
a∂µe
ν
b − e
µ
b ∂µe
ν
a) eν . (22)
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Finally, the connection coefficients (or Ricci rotation coefficients) Γ ab c for the
tetrad eαa are defined by the relations
∇aeb = Γ
c
a bec, ∇aω
b = −Γ ba cω
c. (23)
Hence, equation (22) can be rewritten as
[ea, eb] = (Γ
c
a b − Γ
c
b a)ec. (24)
In particular, since ea (ηbc) = 0, one has that
Γa(bc) = 0. (25)
The components of the Riemann tensor with respect to the frame ea are given
in terms of the connection coefficients by
Rabcd = ec(Γ
a
d b)− ed(Γ
a
c b)− Γ
a
e b(Γ
e
c d − Γ
e
d c) + Γ
a
c eΓ
e
d b − Γ
a
d eΓ
e
c b. (26)
The components of the Riemann tensor admit the decomposition
Rabcd = Cabcd +
{
ga[cSd]b − gb[cSd]a
}
, (27)
where Sab denotes the Schouten tensor
Sab ≡ Rab −
1
6
Rgab, (28)
with Rab ≡ R
c
acb the components of the Ricci tensor and R ≡ g
abRab the Ricci
scalar. Finally Cabcd denotes the components of the Weyl tensor with respect
to ea. The components of the curvature tensor satisfy the Bianchi identity
∇[eR
a
bc]d = 0. (29)
As it is well known, the contracted version of the above identity leads to
∇aGab = 0, Gab ≡ Rab −
1
2
Rgab, (30)
whereGab denotes the components of the Einstein tensor. Defining the Friedrich
tensor Fabcd via
Fabcd ≡ Cabcd − ga[cSd]b, (31)
one concludes, furthermore, that
Fabc ≡ ∇dF
d
abc = 0. (32)
Taking the Hodge dual of equation (32) with respect to the index pair cd, we
obtain another equation of the form (32) for a tensor F˜abcd defined by
F˜abcd ≡ C
∗
abcd +
1
2
Spbǫ
p
acd, (33)
where ǫabcd denotes the components of the completely antisymmetric Levi
Civita tensor with respect to the frame ea and C
∗
abcd ≡
1
2Cabef ǫ
ef
cd —see
e.g. [4,11,12,13].
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4 The hyperbolic reduction procedure
4.1 General considerations regarding Friedrich’s frame formulation of the
Einstein field equations
Following [4], it is convenient to introduce here the following notation:
Na ≡ δa0 , N ≡ N
aea = e0. (34)
A tensor Ta1···ap is said to be spatial if any contraction with with N
a vanishes.
The subspaces orthogonal to Na inherit the metric hab ≡ gab−NaNb (indices
are raised and lowered using gab). Thus, ha
b is the orthogonal projector into
these subspaces.
For a given tensor, any contraction with N will be denoted by replacing
the corresponding frame index by N . The projection of a tensor with respect
to ha
b will be indicated by ′. Thus, a tensor Tabc one has that
T ′aNb = ha
mNphb
qTmpq. (35)
A spatial vector satisfies Ta1···ap = T
′
a1···ap . In what follows, let ǫabc ≡ ǫ
′
Nabc,
where ǫ0123 = 1. In terms of the latter one has the decomposition
ǫabcd = 2
(
N[aǫb]cd − ǫab[cNd]
)
. (36)
Given a spatial tensor we define the spatial covariant derivative
DaTa1···ap ≡ ∇bTb1···bpha
bha1
b1 · · ·hap
ap . (37)
In particular, it can be readily verified that Dahbc = Daǫbcd = 0.
In the sequel, it will be convenient to introduce the tensors
aa = N b∇bN
a, χab = ha
c∇cNb, χ ≡ h
abχab. (38)
These are related to the connection as can be see from
∇aN
b = Naa
b + χa
b, aa = hb
aΓ b00, χab = −ha
chb
dΓ 0cd. (39)
For future use, we notice the decomposition of the Weyl tensor as
Cabcd = 2(lb[cEˆd]a − la[cEˆd]b)− 2(N[cBˆd]pǫ
p
ab +N[aBˆb]pǫ
p
cd) (40)
in terms of its electric Eˆab = C
′
NaNb and magnetic part Bˆab = C
∗′
NaNb relative
to Na, where lab ≡ hab −NaNb. The Schouten tensor Sab will be expressed in
terms of the matter fields. Accordingly, we write
Sab = S
(KG)
ab + S
(em)
ab , (41)
where
S(KG)ab = κ
(
T (KG)ab −
1
3
gabg
cdT (KG)cd
)
, (42)
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with a similar expression for S(em)ab . Using equations (40)and (41) in equation
(27), the Riemann curvature tensor Rabcd, can be written in the form
Rabcd = R
W
abcd +R
KG
abcd +R
em
abcd, (43)
where
Remabcd ≡ κ
(
(E2 +B2)
(1
2
(
ga[cgd]b − gb[cgd]a
)
− 2N[bga][cNd]
)
−2E[bga][cEd] + 2B[bga][cBd] + 2
(
N[agb][cGd] − G[agb][cNd]
))
,(44)
RWabcd ≡ 2(lb[cEˆd]a − la[cEˆd]b)− 2(N[cBˆd]pǫ
p
ab +N[aBˆb]pǫ
p
cd), (45)
RKGabcd ≡ ga[cS
KG
d]b − gb[cS
KG
d]a, (46)
with SKGdb as defined in equation (42). Finally, from the Bianchi identity for
the tensor Fabcd, equation (32), we obtain the decomposition
Fabc = Na (F
′
NbNNc − F
′
NcNNb)− 2F
′
aN [bNc] +NaF
′
Nbc + F
′
abc, (47)
where
F ′aNb = LNF
′
NaNb +D
cF ′caNb − a
c (F ′Nacb + F
′
caNb) + aaF
′
NNNb
−χcdF ′cadb − χ
c
a F
′
NcNb − χ
c
b F
′
NaNc + χ
c
aF
′
cNNb + χF
′
NaNb (48)
with LN denoting the Lie derivative in the direction of N
a. From equation
(31) we compute the following components for the Friedrich tensor Fabcd and
F˜abcd:
F˜ ′NNNa = 0, F
′
NNNa = −
κ
2
TecN
cha
e, (49)
F˜ ′NaNb = Bˆab, F
′
NaNb = Eˆab −
κ
2
Tdchb
dha
c, (50)
F˜ ′NNab =
κ
2
(TpvN
v) ǫpuabN
u, F ′NNab = 0, (51)
F˜ ′aNNb = −Bˆab +
κ
2
(TpvN
v) ǫpaubN
u, (52)
F ′aNNb = −Eˆab +
κ
2
hab [TuvN
vNu] , (53)
F˜ ′Nabc = Eˆapǫ
p
bc +
κ
2
(Tpvha
v) ǫpubcN
u, F ′Nabc = −Bˆapǫ
p
bc, (54)
F˜ ′aNbc = −Eˆapǫ
p
bc +
κ
2
(TupN
u) ǫpdvfha
dhb
vhc
f , (55)
F ′aNbc = Bˆapǫ
p
bc −
κ
2
[
hab
(
TfuN
uhc
f
)
− hac
(
TfuN
uhb
f
)]
, (56)
F˜ ′abNc = −2Eˆp[bǫ
p
a] c +
κ
2
Tpuhb
uǫpavcN
v, (57)
F ′abNc = −Bˆcpǫ
p
ab +
κ
2
hacTuvN
uhvb , (58)
F˜ ′abcd = −Bˆpqǫ
p
abǫ
q
cd +
κ
2
(
Tpvh
v
[b
)
ǫpuefha]
uhc
ehd
f , (59)
F ′abcd = 2
(
lb[cEˆd]a − la[cEˆd]b
)
− κTuvhb
vhc[ahd]
u. (60)
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4.2 Evolution equations for the electric and magnetic fields
The Maxwell equations are given by
∇[aFbc] = 0, ∇
aFab = Jb, (61)
where
Ja ≡ −φ
2(σa +Aa). (62)
As it is well known, the electromagnetic field tensor (Faraday tensor) Fab
can be split into its electric and magnetic parts, Ea = FabN
b and Ba =
1
2ǫ
abcdNbFcd, components with respects to a flow. More precisely, one has that
Fab = 2E[aNb] − ǫabcdB
cNd, (63)
where NaN
a = 1. Using the decomposition into electric and magnetic parts,
the electromagnetic energy-momentum tensor of equation (4) can be written
as
T
(em)
ab ≡ −
1
2
NaNb(E
2 +B2) +
hab
6
(E2 +B2) + Pab − 2G(aNb), (64)
where we have written E2 ≡ EaE
a and B2 ≡ BaBa, and Pab denotes the
symmetric, trace-free tensor given by
Pab ≡
hab
3
(E2 +B2)− (EaEb + BaBb), (65)
and
Ga ≡ ǫauvdE
uBvNd, (66)
denotes the Poynting vector. Projecting equations (61) along direction longi-
tudinal and transverse to the vector N b,and orthogonal to the N b, one obtains
the Maxwell evolution equations
E˙〈f〉 = −2E
ahf [a∇b]N
b − ǫabcdhf
b∇a(BcNd)− he
bJb, (67)
B˙〈f〉 = −2B
ahf [a∇b]N
b + ǫabcdhf
b∇a(EcNd), (68)
and the Maxwell constraint equations
DaBa = −ǫabcdN
bEc∇aNd, (69)
DaEa = ǫabcdN
aBb∇cNd +N bJb, (70)
where E˙ ≡ Na∇aEb stands for the covariant time derivative of Ea along
N , w˙〈a〉 ≡ ha
bw˙b is the orthogonal projection of covariant time derivatives
along the Na and Dawb ≡ h
u
ah
v
b∇uwv denotes the fully orthogonally projected
covariant derivative of a vector wa. Finally, we note that
ǫabcdhf
b∇a(XcNd) = −curlXf + ǫafcdN
aXcN˙d,
where curlXf ≡ ǫfacdN
d∇aBc.
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4.3 Evolution equation for Bˆab
The evolution equation for the magnetic part of the Weyl tensor, Bˆab is en-
coded in the component F˜ ′(a|N |b) of the Friedrich tensor. More precisely, one
has that
0 = F˜ ′(a|N |b) = LN Bˆab −DdEˆc(aǫb)
dc + 2acǫ
cd
(aEˆb)d − χ
c
(aBˆb)c
−2χ(a
cBˆb)c + χBˆab − χcdBˆpqǫ
pc
(aǫ
dq
b) + F˜
′(M)
(a|N |b), (71)
where F˜
′(M)
(a|N |b) ≡ F˜
′(em)
(a|N |b) + F˜
′(KG)
(a|N |b) can be written as
F˜
′(M)
(a|N |b) ≡
κ
2
Dc
(
Tupǫ
p
cv(bha)uN
v
)
−
κ
2
χcd
(
Tpvh(a
vhf
b)
)
ǫpuefhc
uhed
+
κ
2
ǫpcu(bχ
c
a)N
uTpvN
v. (72)
Substituting equations (3) and (4) in equation (72) we find that the electro-
magnetic contribution to the evolution equation of Bˆab is given by
F˜
′(em)
(a|N |b) ≡ −
κ
2
(
ǫDc
(
Nvǫpcv(b(h
u
a)FuqFp
q −
1
4
ha)pFqsF
qs)
)
−χueǫpuef (h
f
(bh
v
a)FvcF
c
p −
1
4
hf (bha)pFqsF
qs)
−Nuǫpcu(bχ
c
a)EdFp
d
)
. (73)
Notice that this last expression contains derivatives of the Faraday tensor
which cannot be replaced by means of the Maxwell equations. These deriva-
tives enter into the principal part of the evolution equations and destroy the
hyperbolicity of the evolution equations for the magnetic part of the Weyl
tensor. In order to deal with this difficulty, in [8] an additional variable, cor-
responding to the derivative of the Faraday tensor has been introduced. This
will be discussed in subsection 4.5.
In order to obtain the contribution of the Klein-Gordon field to the evo-
lution equation of Bˆab, we use equation (10) in equation (72). The last two
terms of equation (72) with Tab replaced by T
KG
ab are a combination of the fields
σa, φ, Aa and the derivative ∇aφ. Accordingly, we introduce the following field
variable:
ϕa ≡ ∇aφ. (74)
However, the term
κ
2
Dc
(
T (KG)up ǫ
p
cv(bha)
uNv
)
, (75)
in equation (72), contains first and second derivatives of the Klein-Gordon
field. In order to recast the term (75) in a more convenient form, we first
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evaluate ∇cT
(KG)
ab . Using equation (10) one can write
∇cT
(KG)
ab = ∇cT
(φ)
ab +
φ2
2
∇c(T
(σ)
ab + T
(A)
ab +T
(σA)
ab ) + φ∇cφ(T
(σ)
ab + T
(A)
ab +T
(σA)
ab ).
(76)
Important for our purposes is that the last term in the last equation, namely
φ∇cφ(T
(σ)
ab + T
(A)
ab + T
(σA)
ab ), contains only φ and ϕa. Now, consider a generic
energy momentum tensor
T (X)ab = c(X)
(
X(aYb) −
1
2
gabg
efXeYf
)
,
where c(X) is a constant. A computation then shows that
∇cT
(X)
ab = c(X)
(
1
2
(∇cXaYb +Xa∇cYb +∇cXbYa +Xb∇cYa)
−
1
2
gabg
ef∇cXeYf −
1
2
gabg
efXe∇cYf
)
. (77)
Applying this last formula to the energy-momentum tensors in (11)-(13) one
finds that
∇cT
(σ)
ab = c(σ)
(
(σa∇cσb + σb∇cσa)− gabg
efσe∇cσf
)
, (78)
∇cT
(A)
ab = c(A)
(
(Aa∇cAb +Ab∇cAa)− gabg
efAe∇cAf
)
, (79)
∇cT
(φ)
ab = c(φ)
(
(φa∇cφb + φb∇cφa)− gabg
efφe∇cφf
)
, (80)
and, moreover, that
∇cT
(σA)
ab = c(σA)
(
1
2
(Ab∇cσa +Aa∇cσb + σa∇cAb + σb∇cAa)
−
1
2
gabg
ef (Af∇cσe + σe∇cAf )
)
. (81)
In order to write this last expression in a form suitable to our purposes we
introduce the following two auxiliary fields:
ψab ≡ ∇aσb, ζab ≡ ∇aAb. (82)
By introducing these new variables we remove all explicit derivatives from the
term (75). Of course, the price paid by this is that we have to find suitable
evolution equations for the new auxiliary fields.
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4.4 Evolution equation for Eˆab
The evolution equation for the electric part of the Weyl tensor can be obtained
by expanding the components F ′(a|N |b)−
1
2habh
uvF ′uNv of the Friedrich tensor.
A lengthy computation shows that
0 = F ′(a|N |b) −
1
2
habh
uvF ′uNv
= LN Eˆab +DcBˆd(aǫb)
cd − 2acǫ
cd
(aBˆb)d − 3χ
c
(a Eˆb)c − 2χ
c
(aEˆb)c
+habχ
cdEˆcd + 2χEˆab +
(
F
′(M)
(a|N |b) −
1
2
habh
uvF
′(M)
uNv
)
, (83)
where the matter contribution is given by
F
′(M)
(a|N |b) −
1
2
habh
uvF
′(M)
uNv
=
1
4
κLN
(
Tdcha
dhcb
)
+
1
2
κ
(
h(a
vDb) −
1
2
habD
v
)
(TuvN
u)
+κTuvN
v
(
1
2
haba
u − h(b
uaa)
)
+
1
2
κTuvN
uNv
(
χ(ab) −
hab
2
χ
)
+
1
2
κ
(
2χ(a
uhb)
v − χu(ahb)
v −
1
2
χuvhab
)
Tuv. (84)
In the case of the electromagnetic field the above expression yields explicitly
that
F
′(em)
(a|N |b) −
habh
uv
2
F
′(em)
uNv
= −
1
4
κLN
(
hq(ah
c
b)FqfFc
f −
1
2
habFqpF
qp
)
−
1
2
κ
(
habD
v
2
− hv(aDb)
)
EcFvc
−κEcFvc
(
hv(aab) −
1
2
haba
v
)
−
1
2
κFudFv
d
(
2χ(a
vhb)
u − χv(ahb)
u −
1
2
χuvhab
)
+
1
4
κχ(ab)FqpF
qp −
1
2
κE2χ(ab) −
1
8
χhabFqpF
qp +
1
4
κχhabE
2. (85)
As in the previous subsection we observe the presence of derivatives of the
Faraday tensor which need to be dealt with by the introduction of a new field
if one is to preserve the hyperbolicity of the equations.
Finally, using equation (10) we obtain the expression for the scalar field
contribution. In this case the first two terms of the general expression (84),
namely,
1
4
κLN
(
T (KG)dc h
d
ah
c
b
)
+
1
2
(
hv(aDb) −
1
2
habD
v
)
T (KG)uv N
u, (86)
clearly contain derivatives of the Klein-Gordon energy-momentum tensor. These
terms can be rewritten using equation (76) and introducing the auxiliaries
fields of equations (74) and (82).
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4.5 Evolution equations for the auxiliary field ψabc
The analysis of the evolution equations for the electric and magnetic parts of
the Weyl tensor led us to introduce the covariant derivative of the Faraday
tensor as further field variable. Accordingly, we set
ψabc ≡ ∇aFbc. (87)
It has been shown in [8] that, applying a covariant derivative to the Maxwell
equations (61), commuting covariant derivatives and using the definition (87)
one obtains the following equations for the tensor ψabc
∇bψadb = 2F
ebR[d|ae|b] −∇aJd, ∇
a∗ψcab = ǫ
aud
b FeuR
e
dac, (88)
where
∗ψabc ≡
1
2
ǫbc
efψaef . (89)
As ψabc = ψa[bc], one can naturally define its electric and magnetic parts
respect to Na as
Ead ≡ ψadnN
n, Bau ≡
1
2
ǫu
vztNvψazt. (90)
Notice that by construction one readily has that EaN
a = BaN
a = 0. Projecting
the equations in (88) along the directions longitudinal and transverse to N b
one obtains the following set of evolution equations:
E˙e〈f〉 = −2Ee
ahf [a∇b]N
b − ǫabcdhf
b∇a(Be
cNd) + hf
dSed, (91)
B˙e〈f〉 = −2Be
ahf [a∇b]N
b + ǫabcdhf
b∇a(Ee
cNd)− hf
dVed. (92)
It is noticed that the corresponding constraint equations assume the form
DaBae = −ǫabcdN
bEe
c∇aNd +NdVed, (93)
DaEea = ǫabcdN
aBeb∇cNd −NdSed, (94)
where for ease of presentation we have set
Sfd ≡ 2F
ebR[d|fe|b] −∇fJd, Vfb ≡ −ǫ
aud
f FeuR
e
dab. (95)
4.6 Remarks concerning the unknowns and gauge conditions
For convenience, we collect the unknowns discussed in the previous sections
in the following vector variable:
v = {ea
µ, Γ ab c, Eˆab, Bˆab, Aa, Φ, Ea, Ba, Ea,Ba}. (96)
As already discussed, the matter model under consideration makes further use
of field Aa and the phase of Φ = φe
iθ. Accordingly one has to introduce the
following auxiliary fields:
σa ≡ ∇aθ, ψab ≡ ∇aσb, ζab ≡ ∇aAb, (97)
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Recall also, that in equation (74) we have also introduced the 1-form ϕa ≡
∇aφ. Following the discussion in [9] we use the real scalar field φ to construct a
frame adapted to the problem. Accordingly, we assume now that ϕa is timelike
and consider a frame satisfying
ϕa = αe0, |α| ≡ |ϕ|. (98)
In fact, in order to construct the adapted frame for this problem, the gauge
choice has been based on some specific regularity assumptions on the scalar
field, requiring the timelike vector of the orthonormal frame to follow the
matter flow. Firstly, it is assumed that φ ∈ C∞(M) and, secondly we assume
∇aφ is and remains timelike. In fact, if the gradient is null or spacelike the
system evolution breaks down. Hence, one can write ϕa = αδa0 . It follows then
that
Diφ = 0, e
′µ
i ∇µφ = 0. (99)
In terms of components respect to a coordinate basis one finds that
eµ0 =
∇µφ
α
. (100)
4.7 Evolution equation for the fields φ and ϕa
The evolution equation for the real scalar field φ can be recovered from the
definition of ϕa. Namely, one has that
∂tφ = ϕt. (101)
An evolution equation for ϕa can be found by using equation (16). One has
then that
∇aϕa = φ(σaσ
a +A2 + 2Aaσa). (102)
In view of the gauge condition in equation (98), equation (102) is, in fact, an
equation for α and the connection coefficients of the frame. The corresponding
equations will be discussed in details in Section (4.11).
4.8 The evolution equation for the vector potential Aa
The evolution equation for the vector potential Aa can be readily obtained
from the expression of the Faraday tensor in terms of the curl of the vector
potential —cf. equation (6). This equation is almost in hyperbolic form. In
order to close the system one has to introduce a gauge source function —see
e.g. [5]. This feature is closely related to the gauge freedom built into equation
(6) and allows to specify freely the divergence of Aa. One has that
∇0Ab = F0b +∇bA0, (103)
∇0A0 = ζ(x) −∇
iAi, (104)
where ζ(x) ≡ ∇aA
a. The evolution equations for Fab have already been dis-
cussed in Section 4.2.
On the evolution equations for a self-gravitating charged scalar field 15
4.9 The evolution equation for σa
A key observation for our purposes is that θ, the phase of the complex scalar
field Φ, does not appear explicitly in the evolution equations hitherto discussed,
appearing only through its derivative. These derivatives are, in turn, replaced
by σa ≡ ∇aθ. The evolution equation for the vector potential σa can be inferred
from the following integrability condition
∇aσb −∇bσa = 0, (105)
as the connection being considered is torsion-free. The structure of this equa-
tion is similar to that of equation (6). In order to bring it to hyperbolic form
it has to be complemented with information about the divergence of σa pre-
scribed by a gauge source function. From equation (105) if follows that
∇0σb = ∇bσ0, (106)
∇0σ0 = ψ(x) −∇
iσi, (107)
where ψ ≡ ∇aσa. The gauge source function ψ is not truly independent. In
fact, as a consequence of the Klein Gordon equation (17) one finds that
ψ + ζ = −
2α
φ
(
σ0 +A0
)
e0. (108)
Thus, one readily sees that ψ can be expressed in terms of ζ and further field
variables.
4.10 The evolution equations for the auxiliary field ψab and ζab
In order to motivate the construction of suitable evolution equations for the
auxiliary fields ψab and ζab, we consider first the commutator of covariant
derivatives acting on a generic tensor Xa. One has that
∇c∇dXb −∇d∇cXb = R
a
bcdXa. (109)
Making use of the definition of Ybc ≡ ∇bXc we rewrite equation (109) as
∇cYdb −∇dYcb = R
a
bcdXa, (110)
for the tensor Ybc. making use of this equation for Xa = σa, Aa one obtains
∇cψdb −∇dψcb = R
a
bcdσa, (111)
∇cζdb −∇dζcb = R
a
bcdAa, (112)
were the components of the tensor Rabcd in the right-hand side of equations
(111) and (112) can be reexpressed, using equation (27), as an algebraic expres-
sion involving the Weyl tensor and the matter fields —cf. equations (41)-(42).
Thus, the right-hand side is a function of v only. The antisymmetry with re-
spect to the covariant derivatives in the left-hand side of equations (111) and
(112) suggests that they imply symmetric hyperbolic evolution equations if
information concerning the divergence of fields ψab and ζab is provided. This
is done in the next sections.
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4.10.1 Evolution equation for the field ζab
For convenience, define the tensor ga ≡ ∇
cζca. If ga is explicitly known in
terms of other field variables, then suitable hyperbolic equations for ζab are
given by
∇0ζia −∇iζ0a = R
e
0iaAe, (113)
∇0ζ0a +∇
iζia = ga(x), (114)
The required information about ga can be deduced from the Maxwell equation
∇aFab = ∇
a∇aAb −∇
a∇bAa = −φ
2(σb +Ab). (115)
Commuting covariant derivatives one obtains from the latter that or
∇aζab −∇b∇
aAa −R
ca
abAc = −φ
2(σb +Ab). (116)
Finally, noticing that ζ(x) = ∇aAa and ∇
a∇aAb = ∇
aζab = gb one obtains
gb = ∇bζ +R
ca
abAc − φ
2(σb +Ab).
Thus, the divergence ∇cζca can be rewritten in terms of the derivatives of the
gauge source function (which are explicitly known) and an algebraic expression
of matter fields.
4.10.2 Evolution equation for the field ψab
The analysis of the equation (111) is similar to that of equation (112). As-
suming that the divergence ha ≡ ∇
cψac is known, one readily obtains the
symmetric hyperbolic system
∇0ψda −∇dψ0a = R
e
a0dσe, (117)
∇0ψ0a +∇iψia = ha. (118)
Now, exploiting that ψab = ψ(ab), one has that
∇aψab = ∇
aψba = ∇
a∇bσa = ∇b∇
aσa +R
ea
abσe.
Hence, one finds that
hb = ∇bψ +R
ea
abσe.
The derivative ∇bψ can be computed, in turn, using equation (108). Hence,
one finds that hb can be expressed in terms of the derivatives of the gauge
function ζ and auxiliary fields.
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4.11 Evolution equations for frame coefficients and connection coefficients
In order to construct evolution equations for the tetrad and connection coef-
ficients we follow closely the procedure indicated in [9].
First of all, consider equation (24) with N = e0 = αϕ and ϕ
µ = αeµ0 ,
ϕµ = e
0
µ/α. In other words, we require the timelike vector of the orthonormal
frame to follow the “matter flow lines ∇φ”, —see Section 4.10 and Section 4.6.
Moreover, we introduce a coordinate system (xµ) by requiring the Lagrange
condition Nµ = eµ0 = δ
µ
0 —see Section 4.1). Taking into account the latter
and using equation (22) we find that
∂te
µ
i = (Γ
j
0 i − Γ
j
i 0)e
µ
j + Γ
0
0 ie
µ
0 . (119)
The later is the required evolution equation for eµi .
We turn now the attention to the evolution equation for the connection
coefficients Γ ca b. The requirement that the frame components e
µ
i are Fermi
propagated along e0 readily implies that Γ
j
0 i = 0 —see e.g. [6]. Thus, no
evolution equations are required for these components. The only components
requiring evolution equations are Γ iq j , Γ
0
0 i and Γ
0
i j .
The evolution equation for Γ iq j is found using equation (26), where
∂tΓ
i
q j = R
i
j0q − Γ
i
k jΓ
k
q 0 − Γ
i
0 0Γ
0
q j + Γ
0
0 jΓ
i
q 0. (120)
Now, using equation (43) one can express the component of the Riemann
tensor Rij0q in terms of the matter fields. Using the Einstein equation R0p =
κT0p, with T0p = T
(em)
0p + T
(KG)
0p and
T (em)0p ≡ −g
abF0aFbp, T
(KG)
0p = T
(φ)
0p +
φ2
2
T
(σ)
0p +
φ2
2
T (A)0p +
φ2
2
T
(σA)
0p , (121)
where
T
(φ)
0p = ∂0φ∂pφ = 0, T
(σ)
0p = 2σ0σp, T
(A)
0p = 2A0Ap, T
(σA)
0p = 4σ(0Ap),(122)
we have
R0p = κ
(
− gabF0aFbp + φ
2
(
σ0σp +A0Ap + 2σ(0Ap)
))
. (123)
Accordingly, the component R0p can be expressed purely in terms of undiffer-
entiated field variables.
The evolution equations for the coefficients Γ 00 i and Γ
0
q j can be found
again using equation (26). One finds that
∂tΓ
0
q j = eqΓ
0
0 j +R
0
j0q + Γ
0
0 jΓ
0
0 q − Γ
0
i jΓ
i
q 0 − Γ
0
0 iΓ
i
q j . (124)
Now, using the conservation equations and the condition ∇[a∇b]φ = 0 one has
the symmetry Γ 0i j = Γ
0
j i. From the Klein Gordon equation for the field φ we
can recover the following evolution equation for the variable α:
α˙− αχ− φ(σ2 +A2 + 2σaAa) = 0. (125)
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Now, the evolution equation for Γ 00 i can be found observing that
[e0, ei]α = Γ
0
0 i∂tα− χ
j
i ∇jα. (126)
We can use equation (125) for the term ∂tα. From the commutator [ei, e0]φ = 0
we obtain the constraint
∇iα− Γ
0
0 iα = 0. (127)
Therefore equation (126) can be rewritten as
[e0, ei]α = Γ
0
0 iαχ− χ
j
i (Γ
0
0 jα) + Γ
0
0 iφ(σ
2 +A2 + 2qσaAa), (128)
so as to obtain
− (∇0Γ
0
0 i +∇iχ) = Γ
0
0 iχ− χ
j
i Γ
0
0 j +
2
α
Γ 00 i
dν¯
dφ
+
2
α
∇i
dν¯
dφ
, (129)
where
dν¯
dφ
≡ φ(σ2 +A2 + 2σaAa). (130)
The last term of equation (129) contains ∇iσ
a and ∇iAa. However, making
use of the auxiliary variables ψab and ζab, it can be expressed in terms of
undifferentiated quantities. Thus, noting that the component R0p of the Ricci
tensor is
R0p = −[epΓ
i
i 0 − eiΓ
i
p 0 + Γ
i
j 0(Γ
j
p i − Γ
j
i p) + Γ
i
j 0Γ
j
i p − Γ
i
i jΓ
j
p 0], (131)
and using equation (131) in equation (123) it follows
− [epΓ
i
i 0 − eiΓ
i
p 0 + Γ
i
j 0(Γ
j
p i − Γ
j
i p) + Γ
i
j 0Γ
j
i p − Γ
i
i jΓ
j
p 0] =
κ
[
−gabF0aFbp + φ
2
(
σ0σp +A0Ap + 2σ(0Ap)
)]
. (132)
Substituting in equation (129), the term (−∇iχ), where χ = −h
cdΓ 0cd, and
noting that −epΓ
i
i 0 = eph
ijΓ 0i j we have, from equation (132)
∇pχ = −eiΓ
i
p 0 + Γ
i
j 0(Γ
j
p i − Γ
j
i p) + Γ
i
j 0Γ
j
i p − Γ
i
i jΓ
j
p 0 + (133)
κ
[
−gabF0aFbp + φ
2
(
σ0σp +A0Ap + 2σ(0Ap)
)]
, (134)
thus equation (129) reads
∇0Γ
0
0 i − epΓ
p
i 0 = −(Γ
0
0 iχ− χ
j
i Γ
0
0 j +
2
α
Γ 00 i
dν¯
dφ
+
2
α
∇i
dν¯
dφ
) (135)
−
{
Γ pj 0Γ
j
p i − Γ
p
p jΓ
j
i 0 + κ
[
−gabF0aFbi + φ
2
(
σ0σi +A0Ai + 2σ(0Ai)
)]}
,
where we used Γ 0i j = Γ
0
j i. Equation (135) is therefore the evolution equation
for the connection Γ 00 i.
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We concentrate now our analysis on equation (124) for the case of the
components Γ 0q j . Using equation (27), the curvature component R
0
j0q can be
split as
R0j0q = C
0
j0q +
1
2
(
Sqj + gjqS
0
0
)
. (136)
Thus, one finds that
∂tΓ
0
q j − eqΓ
0
0 j = C
0
j0q +
1
2
(
Sqj + gjqS
0
0
)
+ Γ 00 jΓ
0
0 q − Γ
0
i jΓ
i
q 0 − Γ
0
0 iΓ
i
q j ,
(137)
where
Sab = S
(KG)
ab + S
(em)
ab , Sab ≡ κ(Tab −
1
3
gabg
cdTcd). (138)
Using equations (4), (9) and (121)–(122), one can readily conclude that that
the right hand side of equation (137) does not contain derivatives of the field
unknowns.
Summarizing, equations (135) and (137) provide the required evolution
equations for the connection components Γ 00 i and Γ
0
q j , respectively.
4.12 Summary of the analysis
We now summarizes the analysis of the evolution equations carried out in the
preceding sections. The unknowns of the evolution equations can be conve-
niently grouped in the vector
v =
(
ei
µ, Γ 00 i, Γ
i
q j , Γ
0
q j , Eˆab, Bˆab, Ea, Ba, Ea,Ba, φ, Aa, σa, α, ψab, ζab
)
. (139)
The components of Γa
b
c not included in this list are determined by means
of gauge conditions and symmetries. By construction, the electric and mag-
netic parts of the Weyl tensor are tracefree. This symmetry is disregarded in
these considerations and is recovered by imposing it on the initial data. It can
be shown that if these tensors are initially tracefree, then they will be also
tracefree for all later times —see e.g. [7].
The evolution equations for the independent components of the unknowns
in (139) and the underlying assumptions in their construction are given as
follows:
(i) The evolution equation for the tetrad coefficients, ei
µ, is given by equation
(119) by virtue of the Lagrange condition Na = ea0 = δ
a
0 . Equation (119)
has the same principal part than the corresponding equation in the case
of an uncharged perfect fluid —see e.g. [4]. It gives rise to a symmetric
hyperbolic subsystem of equations.
20 Daniela Pugliese, Juan A. Valiente Kroon
(ii) The the evolution equations for the connection coefficients, Γ 00 i and Γ
a
i b
are given, respectively, by equations (135) and (137). As a consequence
of the gauge conditions one has, in addition, that Γ j0ı = 0. Equation (120)
also takes care of Γ qj k. As in the case of the equations frame coefficients,
equations (135), (137) and (120) have the same principal part as those
of the analysis given in [4]. Again, one has an hyperbolic subsystem of
equations.
(iii) The evolution equations for the electric and magnetic parts of the Weyl
tensor, Eˆab and Bˆab, are given, respectively, by equations (83) and (71). As
mentioned before, the tracefreeness of these tensors is not used to reduce
the number of independent components. Thus one has 12 equations for
equal number of components. Equations with a principal part of the form
of equations (83) and (71) are symmetric hyperbolic independently of the
gauge choice —see e.g. [7].
(iv) The evolution equation for the electric and magnetic parts of the Faraday
tensor, Ea and Bb, are given, respectively, by equations (67) and (68). As
in the case of the equations for the electric and magnetic parts of the Weyl
tensor, the principal part of these equations is known to be hyperbolic
independently of the gauge —again, see e.g. [7].
(v) The evolution equations for the electric and magnetic parts of parts of the
auxiliary field ψabc (encoding the covariant derivative of the Faraday ten-
sor), Ea and Bb are given, respectively, by equations (91) and (92). These
equations involve 24 equations for as many unknowns. Their structure is
analogous to that of equations (67) and (68), except that they contain
an extra free index. As a consequence, their principal part gives rise to a
symmetric hyperbolic subsystem.
(vi) The evolution equation for the vector potential Aa is given by equations
(103) and (104). The symmetric hyperbolicity of the equations is imple-
mented by the addition of the (arbitrary) gauge source function ζ(x) which
allows to freely specify the divergence ∇aA
a.
(vii) The evolution equation for the scalar field φ, is given by equation (101).
(viii) The evolution equations for the auxiliary field σa ≡ ∇aθ are given by
equations (106) and (107) with the understanding that the derivative
∇aσ
a = ψ(x) arising in the right-hand sides is recovered from the Klein
Gordon equation in the form given by (108).
(ix) The equation for the scalar α defined by the conditions α2 ≡ ϕ and
ϕ2 = ∇aφ∇
aφ is given by equation (125). This evolution equation is
a consequence of the Klein Gordon equation for the field φ —see equation
(16).
(x) The evolution equations for the components of ψab ≡ ∇aψb are given by
equations (117) and (118).
(xi) Finally, the evolution equations for the components of ζab ≡ ∇aAb are
given by equations (113) and (114).
Summarizing, equations. (119), (135), (137), (120), (83), (71), (67), (68),
(91), (92), (103), (104), (106), (107), (125), (117), (118), (113) and (114),
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provide the desired symmetric hyperbolic evolution system for the Einstein-
charged scalar field system. This system can be written in a concise form using
matrix notation. One has that
A0∂0v−A
j∂jv = Bv, (140)
where Aµ = A0(xµ,v) are matrix-valued functions of the coordinates and
the unknowns v, and A0 is positive definite at least close to a fiducial initial
hypersurface. The structure of the system (140) ensures the existence of local
solutions to the evolution equations. The analysis of whether these solutions
give rise to a solution of the full Einstein-charged scalar field system requires
the analysis of the evolution of the constraint equations. This is a computa-
tionally intensive argument which will be omitted here. A general argument to
handle the propagation of the constraints without having to resort to lengthy
computations can be found in [1].
5 Conclusion
In the present article we have revisited the issue of well-posedness initial value
problem for the evolution equations of the Einstein-Maxwell-Klein-Gordon
system (a self-gravitating charged scalar field). The approach followed makes
use of the well known 1 + 3 tetrad formalism by means of which the various
tensorial quantities and equations are projected along the direction of the co-
moving observer and onto the orthogonal subspace. Following [4,7], we require
the timelike vector of the orthonormal frame to follow the matter flow lines
(Lagrangian gauge). The adapted frame for this problem has been constructed
taking e0 = ϕa/α. The gauge condition depends therefore on the scalar field
evolution, the construction of the appropriate frame for this problem relies
on suitable regularity conditions for φ. As discussed in Section 4.6 it is as-
sumed that φ ∈ C∞(M) and ∇aφ is timelike. Moreover, we assume the vector
fields tetrad to be Fermi transported in the direction of U , these conditions
fix certain components of the connection.
A key feature of our analysis was the introduction of several auxiliary
fields, the tensors ψabc, ζab, ψab corresponding to the covariant derivative of
the Faraday tensor Fab, the vector potential Aa and the scalar field φ. The
purpose of introducing these tensors was to ensure the symmetric hyperbolicity
of the evolution equations for the components of the Weyl tensor.
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